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QUANTUM CONDENSED MATTER PHYSICS

1 Attempt all parts of this question. Answers should be concise and relevant
formulae may be assumed without proof.

(a) Sketch the valence and conduction energy bands in a metal/insulator/p-type
semiconductor structure under conditions where an n-type inversion layer just
forms, indicating also the depletion region. [4]

(b) The wave function of the electron associated with a donor atom in a
semiconductor can be treated as a modified hydrogenic state. For a semiconductor
with effective mass, m∗ = 0.1me and relative dielectric constant of 12, calculate the
effective Bohr radius and the density of dopants at which the orbitals overlap. [4]

(c) A one-dimensional material has an energy band E(k) described by a
one-dimensional tight-binding model

E(k) = E0 − 2t cos(ka),

where the lattice constant a = 0.3 nm. Calculate the value of the transfer integral,
t, required to make the effective mass at the bottom of the band equal to the
electron mass. [4]

2 Attempt this question. Credit will be given for well-structured and clear
explanations, including appropriate diagrams and formulae. Detailed mathematical
derivations are not required.

Write brief notes on two of the following: [13]
(a) photovoltaic solar cells and the Shockley–Queisser efficiency limit;

(b) methods for measuring band structure;

(c) magnetic properties of materials.
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3 Attempt either this question or question 4.
For a nearly-free electron gas subject to a periodic potential of the form

V(r) = 2VG cos (G · r), the electronic energy levels E(k) for wavevectors k close to the
relevant Brillouin-zone boundary (k · G ' |G|2 /2) are described by

E(k) =
h2

2me

k2 + (k − G)2
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2me
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)2

+ |VG|
2

1/2

.

Outline the derivation of this result. [5]
Discuss how this result can explain the existence of energy bands separated by

energy gaps in crystalline lattices. [3]
In a certain material, electronic motion along one of the crystalline axes is strongly

suppressed, giving rise to a free electron gas with a two-dimensional dispersion

E(0)(k) =
h2

2me

(
k2

x + k2
y

)
.

The unit cell is rectangular, with dimensions a = 1.3 nm and b = 0.8 nm. Draw a labelled
sketch of the real space and the reciprocal space unit cell, indicating for the latter the first
Brillouin zone. [3]

There are two mobile electrons per rectangular unit cell. Remembering that the
first Brillouin zone contains a sufficient number of states to accommodate two electrons
per unit cell, sketch the Fermi surface for the free electron gas, showing that it extends
beyond the first Brillouin zone. Show how in the presence of the lattice potential the
circular Fermi surface is split into two open sheets and one closed sheet. [4]

Deduce an upper limit on the cross-sectional area of the closed sheet. [3]
Resistivity measurements in high magnetic fields reveal quantum oscillations. The

frequency of these oscillations corresponds to a cross-sectional area in reciprocal space
of Ak = 5.74 nm−2. Show that this result is consistent with your estimate of the
cross-sectional area of the closed sheet. [4]

Assuming that the chemical potential is the same as when VG = 0, make a rough
estimate in eV of |VG|. [3]

(TURN OVER
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4 Attempt either this question or question 3.
Describe the use of the Lorentz oscillator model to describe the optical response

due to electrons in semiconductors and insulators. [4]
Show that the frequency dependence of the dielectric response, ε(ω) is given by

ε(ω) = 1 +
ne2

ε0m
1

ω2
0 − ω

2 − iωγ
,

where n is the number density of participating electrons of charge e and mass m, ω0 is
the resonant frequency of the oscillator and γ is the damping rate. [4]

Sketch<[ε(ω)] and =[ε(ω)] as functions of ω for a finite value of ω0 and discuss
how these account for optical reflection and absorption. [4][

You may wish to use the result that the (power) reflectivity R =
∣∣∣∣ √ε−1
√
ε+1

∣∣∣∣2.
]

The above graph shows the reflectivity R versus wavelength λ for an extrinsically-doped
semiconductor, InSb, which has a semiconductor band gap of around 0.2 eV, with
different free-carrier concentrations as indicated (in units of cm−3).

Noting that at short wavelengths R reaches a value of 35%, estimate the value of
the dielectric constant in this regime. [2]
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The lattice parameter for the conventional cubic unit cell of InSb, which contains 4
units of InSb, is 0.56 nm. If 4 electrons per InSb unit contribute to the Lorentz oscillator
used to describe the optical response of the valence electrons, calculate the value of the
plasma frequency ωp =

√
ne2/ε0m, in eV, that these electrons would show if free. [3]

What value of ω0 accounts for the observed low frequency dielectric constant?
Comment on this value in relation to the actual band gap. [4]

By considering the optical response at longer wavelengths to be the sum of the
free-carrier response of the carriers introduced by doping and valence electrons,
described as above, explain why R reaches a minimum before rising to a high value at
long wavelengths. [4]

END OF PAPER


