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QUANTUM CONDENSED MATTER PHYSICS

1 Attempt all parts of this question. Answers should be concise and relevant
formulae may be assumed without proof.

(a) The optical response of a certain semiconductor can be modelled by a Lorentz
oscillator with resonance energy 2 eV. Sketch the real and imaginary components
of the dielectric constant between 0 and 5 eV. [4]

(b) Sketch the energy-versus-momentum dispersion for a one-dimensional
free-electron gas in the presence of a periodic potential of wavelength a. Sketch
the form of the real-space wavefunctions at wave vector π/a. [4]

(c) A current is passed through an n-doped semiconductor for which the electron
mobility is 0.2 m2V−1s−1. At what magnetic field, applied perpendicular to the
current flow, does the Hall field reach 1% of the electric field along the current
flow? [4]

2 Attempt this question. Credit will be given for well-structured and clear
explanations, including appropriate diagrams and formulae. Detailed mathematical
derivations are not required.

Write brief notes on two of the following: [13]
(a) the heat capacity of non-metallic and metallic solids;

(b) the Peierls distortion;

(c) Fermi liquids.
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3 Attempt either this question or question 4.
Discuss the process of substitutional chemical doping in a semiconductor and

describe what is understood by p and n doping. For each case, illustrate in a sketch the
positions of the chemical potential with respect to the conduction and valence band
edges. [5]

A p-n semiconductor junction with dielectric constant ε is formed from two
regions of p- and n-doped semiconductor, with dopant concentrations NA and ND

respectively. Show by means of labelled sketches how charge flow across the junction
can set up regions of negative and positive space-charge density on either side of the
junction, which bring the chemical potential of the p- and n-doped regions, initially
separated by ∆φ0, to the same value. Explain why these are termed depletion regions. [5]

Assume that these depletion regions have space-charge densities equal to the
dopant concentrations and use Poisson’s equation for the potential φ to show that the
widths wn and wp of the depletion layers on either side of the junction are given by

wn =

√
2εε0NA∆φ0

eND(NA + ND)
and wp =

√
2εε0ND∆φ0

eNA(NA + ND)
.

[5]

Explain, by means of a sketch, why, when a voltage V is applied to one side of the
junction relative to the other, the widths of the depletion layers are modified to

wn =

√
2εε0NA(∆φ0 − V)

eND(NA + ND)
and wp =

√
2εε0ND(∆φ0 − V)

eNA(NA + ND)
.

[2]

Show that the differential capacitance of the junction per unit area is given by

dQ
dV

=

√
εε0eNAND

2(NA + ND)(∆φ0 − V)
.

[3]

For a device of cross-sectional area 10−7 m2 in which the n and p regions are both
of thickness 10−5 m, NA = ND = 2 × 1019 m−3, ∆φ0 = 0.5 V and ε = 12, sketch, using
labelled axes, the variation of the capacitance as the voltage V is varied between 0.5 and
−5.0 V, indicating the voltage at which full depletion is achieved. [5]

(TURN OVER
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4 Attempt either this question or question 3.
Discuss the use of degenerate perturbation theory in the description of electronic

wavefunctions in molecules and solids. Illustrate how this is used in the Linear
Combination of Atomic Orbitals description of the hydrogen molecule and in the
appearance of band gaps in the Nearly-Free-Electron description of crystalline materials. [8]

The electronic structure of a transition metal such as iron, cobalt or nickel may be
modelled by two relevant energy bands. The first band arises from states |φk〉 and has a
broad, approximately parabolic dispersion, E1(k) =

〈
φk|Ĥ|φk

〉
= h2k2/2m, and the

second band is associated with states |χk〉 with negligible dispersion,
E2(k) =

〈
χk|Ĥ|χk

〉
= Ed, where Ed > 0. Here, Ĥ denotes the electronic Hamiltonian, m

is the mass of a free electron and k is the electronic state wavevector. Interactions
between the two bands can be represented by a matrix element,

〈
φk|Ĥ|χk

〉
= V , which

can be assumed to be independent of k.
Explain briefly the physical origin of the two electronic bands and outline how

they could in principle be obtained from a tight-binding calculation. [2]
Building approximate eigenstates |ψk〉 of Ĥ as a linear combination of |φk〉 and

|χk〉, show that the dispersion E(k) of the hybridised eigenstates can be written as

E(k) =
E1(k) + Ed

2
±

(E1(k) − Ed

2

)2

+ |V |2
1/2

.
[5]

Sketch the electronic band structure for V = 0 and for 0 < |V | < 0.1Ed.[
Ignore potential intersections with the Brillouin-zone boundary.

]
[4]

For a certain metal at low temperature, when V = 0 there is equal occupancy of
both the wide and narrow bands. Thus the Fermi energy EF = Ed and the two bands
cross at the Fermi wave vector of the wide band, kF. Explain why kF increases by a factor
of 3√2 when V is non-zero and why, for 0 < |V | � Ed, the Fermi velocity, vF, of the
hybridised band can be related to that of the unhybridised broad band, v(1)

F , by

vF

v(1)
F

= A
|V |2

E2
d

where A = 21/3/(22/3 − 1)2. [4]
Explain why the electronic density of states at the Fermi level in iron, cobalt and

nickel is an order of magnitude higher than in copper, silver or gold, and why the former
are magnetic whereas the latter are not. [2]

END OF PAPER


